Abstract. We study geometric properties of the Lagrangian self-shrinking tori in R 4 . When the area is bounded above uniformly, we prove that the entropy for the Lagrangian self-shrinking tori can only take finitely many values; this is done by deriving a Lojasiewicz-Simon type gradient inequality for the branched conformal self-shrinking tori and then combining with the compactness theorem in [5] . When the area bound is small, we show that any Lagrangian self-shrinking torus in R 4 with small area is embedded with uniform curvature estimates, and the space of such tori is compact.
Introduction
One of the major challenging problems in the study of Lagrangian mean curvature flow is to formulate a weak version of the mean curvature flow that preserves the Lagrangian condition and goes beyond singular time, as the well-known weak forms of mean curvature flow such as the Brakke flow or the level set approach do not work well in the Lagrangian setting.
It is known that the rescaled mean curvature flow (MCF) at a finite time singularity converges to a self-shrinking solution, the so-called self-shrinker; the convergence may be weak if the singularity is not of type I (cf. [14] , [15] , [32] ). As local models of singularities, self-shrinkers are important. In [6] , Colding and Minicozzi introduced an entropy functional (see (2.9)) of a hypersurface (cf. [22] ) and showed that the sphere and the cylinders are the only entropy stable self-shrinking hypersurfaces. Using this and a compactness theorem [7] on the space of embedded self-shrinking surfaces in R 3 , they constructed in [6] a piecewise MCF for embedded surfaces in R 3 (under some assumptions), such that if a uniform diameter estimate holds then the flow shrinks to a round point.
When the initial immersion is Lagrangian, a basic fact proved by Smoczyk [28] is that the MCF preserves the Lagrangian condition. In [18] , [20] the authors studied the Lagrangian entropy stability of Lagrangian self-shrinking immersions and obtained entropy instability results. In particular, Li and Zhang showed in [20] . Since there is no simply connected closed Lagrangian self-shrinker (see [29] , and [6] for branched immersions in dimension 2), all closed orientable Lagrangian self-shrinkers in R 4 are Lagrangian entropy unstable. In [5] , we used the harmonic map theory to show that if {F n : (Σ, h n ) → R 4 } is a sequence of compact Lagrangian self-shrinking immersions with uniform area bound and that the conformal structures h n do not degenerate, then a subsequence converges to a branched conformal Lagrangian self-shrinker F : (Σ, h) → R 4 . Furthermore, the assumption on the conformal structure can be dropped if Σ is topologically a torus T. This provides a compactification of the space of compact Lagrangian self-shrinking immersions in R 4 . A key ingredient in proving the compactness result is the rigidity established in [6] : there are no branched Lagrangian self-shrinking 2-spheres. This prevents development of the bubbles in Sacks-Uhlenbeck's compactness procedure [30] , [23] , hence yields strong convergence for the harmonic mappings.
The goal of this paper is twofold. First, we establish geometric properties of branched conformal Lagrangian self-shrinking tori. The discussion is divided into two cases: for small area bound we prove embeddedness and curvature estimates, and for arbitrary area bound we show finite discreteness of the values of the entropy. To achieve the latter, we derive a Lojasiewicz-Simon type gradient inequality for the energy operator E naturally defined on the total space of C 2,α -mappings and the moduli space of the conformal structures on the torus. This should have other applications. Second, the Lagrangian entropy instability, compactness for the space of Lagrangian self-shrinking tori and the finiteness of the value distribution of the entropy in Theorem 1.1 below together lead us to define a piecewise Lagrangian MCF for a Lagrangian immersed torus in R 4 which preserves the Lagrangian condition and the Maslov class, decreases area and avoids compact type I singularities with an arbitrarily given area upper bound in a finite number of steps.
We now state our results on the Lagrangian self-shrinking tori.
Definition 1.1. Let Λ be a positive number. Let X Λ be the space of branched conformally immersed Lagrangian self-shrinking tori with area less than or equal to Λ.
When the area upper bound Λ is not small (as in Theorem 1.2), it is not known whether any branched conformal Lagrangian self-shrinking torus with nonempty branch locus exists or not. The possible existence of branch points of elements in X Λ is a serious obstacle for applications to Lagrangian MCF as one would hope to perturb the branched Lagrangian surface to a nearby Lagrangian immersion, but such resolution of singularity in the Lagrangian setting, even in dimension two, is not available. Note that it is in general difficult to study nearby branched immersions by deforming them along the normal vector fields. In particular, it is hard to study stability problem of branched Lagrangian self-shrinking immersions as in [6] , [20] , and Weinstein's Lagrangian neighbourhood theorem [31] does not apply to the branched case. In view of all these and the special feature of the embedded graphic representation of a surface near a selfshrinker in the codimension one case, the idea of the piecewise MCF introduced in [6] is not directly applicable to the Lagrangian case in R 4 , even with the compactness theorems in [5] .
In order to construct a piecewise Lagrangian MCF for torus, we observe in this paper that one can bypass the issue of branchedness of a limiting surface in X Λ by controlling the entropy values λ(F ) attained by the self-shrinkers, where for a branched immersion F : T → R 4 its entropy is defined by λ(F ) = sup The theorem below is a crucial ingredient in our construction of piecewise Lagrangian MCF for torus, but it is also interesting in its own right: it is equivalent to that in the induced metric from G = e − |x| 2 4 δ ij on R 4 the areas of branched Lagrangian self-shrinking tori in X Λ can only take a finite number (depending on Λ) of values for any given Λ. Theorem 1.1. Let λ : X Λ → [0, ∞) be the entropy function which sends F to its entropy λ(F ). Then the image of λ is finite for any given Λ.
To prove Theorem 1.1, we derive a Lojasiewicz-Simon gradient inequality for branched conformal self-shrinking 2-dimensional tori. The celebrated Lojasiewicz-Simon gradient inequality is proved in [26] with important applications to the harmonic map flow and the minimal cones. Since the pioneering work [26] , the inequality and its variation has wide applications in geometric problems. For MCF, Schulze [25] used the inequality to prove a uniqueness result for compact embedded singularity of tangent flow. Colding and Minicozzi [8] derived Lojasiewicz-Simon gradient inequalities in a noncompact setting and settled the uniqueness problem for all generic singularities of mean convex MCF at all singularities.
The classical Lojasiewicz-Simon gradient inequality is established for real analytic functionals over a compact manifold whose Euler-Lagrange operator is elliptic and of order 2. In our case, we are concerned with the entropy functional λ, which is, at a self-shrinker, just the area of the shrinker in (R 4 , G) up to a universal constant. However, in our situation, the self-shrinkers might be branched and the Euler-Lagrange operator of the area functional fails to be elliptic at the branch locus, so Simon's infinite dimensional version of the Lojasiewicz inequality in [26] is not directly applicable. To overcome the difficulty, we consider the real analytic energy functional E defined on the mapping space C 2,α (T, R 4 ) together with the Teichmüller space of T, and continue to view self-shrinkers as branched minimal immersions in (R 4 , G) [2] . The functional E has been extensively used in minimal surface theory, especially, in showing existence of minimal surfaces. A critical point of E corresponds to a branched conformal self-shrinking torus. Since the space of conformal structures on a torus is two dimensional, the ellipticity of the L 2 -gradient of E at a critical point of E for each fixed conformal structure enables us to show that the second order derivative L of E at the critical point is a Fredholm operator of index zero, which is sufficient to derive the desired gradient inequality. Theorem 1.1 is then a direct consequence of the gradient inequality and the compactness results in [5] .
If Λ < 32π, the Willmore functional of a self-shrinker with area upper bound Λ is less than 8π; a classical theorem of Li and Yau [19] then asserts that all compact Lagrangian self-shrinking tori must be embedded and without branched point. Using recent results of Lamm-Schätzle in [17] and the compactness results in [5] , we show that the upper bound can be pushed beyond Li-Yau's estimate: Theorem 1.2. There are positive numbers ǫ 0 , ǫ 1 and C 0 , where ǫ 1 ≤ ǫ 0 , so that (1) (Compactness) The space X 32π+ǫ is compact for all 0 < ǫ ≤ ǫ 0 , (2) (No Branch Points) All elements in X 32π+ǫ 0 are immersed, and all elements in X 32π+ǫ 1 are embedded. (3) (Curvature Estimates) If F ∈ X 32π+ǫ 0 , then the second fundamental form of F is bounded by C 0 .
Lastly, we apply Theorem 1.1 to construct a piecewise Lagrangian MCF for Lagrangian immersed torus F : T → R 4 (see Definition 5.1). In fact, we only need the result for compatified space of immersed Lagrangian self-shrinking tori. We show that all type I singularities with an arbitrarily given area upper bound can be perturbed in finitely many steps, where a smooth Lagrangian MCF for torus restarts at each step, such that the same kind of singularities will not appear in the last step. We remark that the perturbation can be made arbitrarily small while fixing the number of perturbation performed. Note that, in the special case of small area, Theorem 1.2 is sufficient since the existence of a nearby Lagrangian immersion of the torus around a limiting surface in X Λ (now immersed) follows from the Lagrangian neighbourhood theorem.
Our main result on Lagrangian mean curvature flow in a weak form is Theorem 1.3. Let F : T → R 4 be an immersed Lagrangian torus and let Λ, δ > 0 be given constants. Then there exists a piecewise Lagrangian MCF {F i t : i = 0, 1, · · · , k − 1} with initial condition F , where k ≤ |λ(X Λ )| < ∞, such that the singularity at time t k is not a type I singularity modelled by a compact self-shrinker with area less than or equal to Λ. Moreover, the Maslov class of each immersion is invariant along the flow.
Under an additional assumption, we prove a similar result in Theorem 5.1 for the case of genus larger than one.
The organization of this paper is as follows. Some background is provided in section 2. In section 3, we provide with proof necessary results in generalizing the compactness theorem in [5] from immersions to branched immersions. The compactness result is stated in Theorem 3.1. We then prove Theorem 1.2. In section 4, we derive a Lojasiewicz-Simon gradient inequality for branched conformal self-shrinking torus and prove Theorem 1.1. In the last section we prove Theorem 1.3 and a result in the higher genus case.
2. Background 2.1. Mean curvature flow and the self-shrinkers. A family of immersions F t : Σ → R N from an n-dimensional manifold Σ to the Euclidean space is said to satisfy the mean curvature flow (MCF) if
where H is the mean curvature vector given by
where A is the second fundamental form of the immersion and ⊥ denotes the normal component of a vector. An immersion is called self-shrinking (or a self-shrinker) if it satisfies
If F is self-shrinking, then up to a family of diffeomorphisms, the family of immersions
The self-shrinkers model the singularity of MCF (cf. [14, 15, 32] ).
is the MCF starting from a Lagrangian immersion F 0 , then F t is Lagrangian for all t ∈ [0, T ) [28] .
When Σ is a surface, a branched conformal immersion F : Σ → R N is called a selfshrinker if (2.2) is satisfied on Σ \ B, where B is the set of branch points. A branched conformal immersion F : Σ → R 4 is called Lagrangian if F * ω = 0, where ω is as in (2.3) (see [5] , section 3).
2.2.
Lagrangian F -stability and Lagrangian entropy staibility. The entropy λ and F -stability are introduced in [6] for an embedded self-shrinking hypersurfaces and are later carried over in [1] , [18] , [20] for all codimensions. The Lagrangian case is discussed in [18] , [20] and the definition of Lagrangian F -stability is introduced therein. We start with recalling the definitions of the F and λ functionals and the related stability. When we consider Lagrangian immersions, we will assume N = 2n.
The F -functional characterizes the self-shrinkers as follows: ≥ 0.
In [20] , Li and Zhang calculated the second variation of the F -functional of a Lagrangian immersion with respect to the Lagrangian variations. They proved:
Theorem 2.1. Let Σ be a compact orientable n-dimensional manifold whose first Betti number is greater than 1.
2n is a Lagrangian immersion, let F s : Σ → R 2n be a normal variation of F such that each F s is a Lagrangian immersion. In this case, the normal variational vector field X = d ds | s=0 F s can be identified with a closed 1-form on Σ by X → −ι X ω. The converse is also true as seen in the following elementary lemma.
Recall that if α is a 1-form on a Riemannian manifold (Σ, g) then α ♯ is the vector field on Σ uniquely determined by
Lemma 2.1. Let F : Σ n → R 2n be a Lagrangian immersion and let α be a closed 1-form on Σ. Then there is a family of Lagrangian immersions F s : Σ → R 2n so that F 0 = F and
where J is the standard complex structure on R 2n .
Proof. Let π : NΣ → Σ be the normal bundle of the immersion F . Then the mapping
is a local diffeomorphism from a tubular neighbourhood U of the zero section of NΣ onto its image in R 2n . Since α is a closed 1-form on Σ, β = (π| U ) * α is a closed 1-form on U, and β sends the normal vectors v to zero. The pullback 2-form ω 0 =F * ω on U is closed as ω is closed and it is non-degenerate asF is a locally diffeomorphic and ω is non-degenerate. Let X be the vector field on U dual to β with respect to ω 0 , that is,
for all vector fields Y on U. Let φ s with s ∈ (−ǫ, ǫ) be the one parameter group of diffeomorphisms on U generated by X. Then (2.7) . By the definition ofF , its differentialF * maps the tangent vectors to the zero section (Σ, 0) at the point (x, 0) ∈ U to the tangent vectors to the image surface F (Σ) at the point F (x) ∈ R 2n and it maps the normal vectors to the normal vectors by the identity map at the corresponding points. We need to check X = Jα ♯ . Let Y 1 , Y 2 be arbitrary tangent vectors to the zero section (Σ, 0) at a point (x, 0). Since JY 2 is normal to Σ as Σ is Lagrangian and ω(X, Y ) = JX, Y , we have
AsF is locally diffeomorphic, X is normal to the zero section because Y 2 is arbitrary. Then it follows from the arbitrariness of Y 1 that −JX = α ♯ , by dropping the notionF * . This is the same as X = Jα ♯ .
The entropy of a hypersurface is defined in [6, 22] . The definition for an immersion in any codimension is the same.
It is clear that λ(F ) is invariant under translations and scalings. Huisken's monotonicity formula [14] implies that λ(F t ) is non-increasing if {F t } satisfies the MCF, and is constant if and only if {F t } is self-shrinking. Analogous to the entropy stability introduced in [6] , we define Lagrangian entropy stability of a Lagrangian self-shrinker.
In [6] , it is proved that every F -unstable embedded self-shrinking hypersurface which does not split off a line is entropy unstable. As observed in [1] , the exact same proof works for any codimension. According to [20] , the second variation formula for the F -functional at a closed self-shrinker can be rewritten in terms of the closed 1-form dual to the Lagrangian variation field. Therefore, when F : Σ → R 2n is a Lagrangian Funstable self-shrinker, there is a closed 1-form α on Σ so that F ′′ (α) < 0 for all variations (x s , t s ) of (0, 1). To proceed from the Lagrangian F -instability to the Lagrangian entropy instability, one needs to use the actual family F s of Lagrangian immersions coming from the Lagrangian variation. By Lemma 2.1, there is a Lagrangian variation {F s } that corresponds to α. By taking a family of diffeomorphism φ s : Σ → Σ, we can further assume that {F s } is a family of normal variations. Thus the same proof of Theorem 0.15 in [6] can be carried over to show that F : Σ → R 2n is also Lagrangian entropy unstable. We omit the proof here.
Theorem 2.2. Let Σ be compact and F : Σ → R 2n be an immersed Lagrangian selfshrinker. If F is Lagrangian F -unstable, then it is also Lagrangian entropy unstable. In particular, there is a Lagrangian immersion F : Σ → R 2n so that λ(F ) > λ( F ). Moreover, F can be chosen to be arbitrarily close to F , in the sense of smallness of F − F C k for all k.
Lagrangian self-shrinking tori with small area
In this section, we prove Theorem 1.2. We will use a contradiction argument, and by doing so we need to extend the compactness theorems (Theorems 1.2 and 1.3 in [5] ) to branched conformally immersed Lagrangian self-shrinking surfaces. This extension will be done for any area upper bound (not necessarily small), and beside Theorem 1.2, it will also be used in the next section in the proof of Theorem 1.1. Yet, for the construction of a piecewise Lagrangian MCF of Lagrangian torus, the compactness results in [5] suffice.
Then we will combine the compactness results with the factorization result of Lamm and Schätzle [17] concerning conformal immersion of torus into R 4 with Willmore energy 8π to conclude the theorem. Remark 1. In [5] , a branched self-shrinker is defined as a branched immersion F : Σ → R N which satisfies
as opposed to (2.2), which has an extra 1/2 factor. Note that both definitions are common in the literatures and differ only by a scaling of the branched immersion. As a result, it should be pointed out that the constants that appear in this section are slightly different from those in [5] .
As in [5] , we view a branched self-shrinker
Here h is the conformal structure on Σ such that F is conformal with respect to h, and G, where G is the metric on R 4 given by
4 δ ij , where δ ij represents the standard Euclidean metric on R 4 . Then we use general harmonic map theories from [23] and [4] . In order to use these results, as in [5] , we need to show that the self-shrinkers with a uniform area upper bound stay in a bounded domain in (R 4 , G). In particular, we need the following lemma, which extends Lemma 4.1 in [5] to allow branch points. The proof is almost the same as that of Lemma 4.1 in [5] , except extra effort needs to be given at the branch points.
Lemma 3.1. Let F be a compact branched conformal self-shrinker in R 4 . Then the image of F lies in a ball of radius R 0 centered at the origin in R 4 , where R 0 depends only on µ(F ).
Proof. Let F : Σ → R 4 be a branched conformally immersed self-shrinker. By (2.2), the equation
holds on Σ \ B, where g = F * ·, · and B is the finite branch locus. First, we show that F must intersect the closed ball centered at the origin of R 4 with radius 2. Since F is a branched conformal immersion, there is a nonnegative smooth function ϕ and a smooth metric g 0 on Σ compatible with the conformal structure h so that g = ϕg 0 . Therefore
3) is satisfied everywhere on Σ, as both sides of the equation are continuous and B is finite. Since Σ is compact, the smooth function |F | 2 attains its minimum, say at x 0 ∈ Σ. Since F is a minimal immersion in (R 4 , G), the tangential component F ⊤ is well defined at a branch point and F ⊤ (x 0 ) = 0. If F is immersed at x 0 , by using (3.2) as in [5] , the weak maximum principle shows that |F (x 0 )| 2 ≤ 4 and we are done. Thus we only need to rule out the case that F is branched at x 0 , |F (x 0 )| 2 > 4 and there does not exist any immersed point y ∈ Σ so that |F (y)| 2 = |F (x 0 )| 2 . Assume this case happens. Since the branch points are isolated, |F | 2 has a strict minimum at
2 ≤ 0 in the neighbourhood. However, this contradicts the strong maximum principle, and we are done.
Next, we show that the extrinsic distance between any two points on the image of F is bounded above by a constant that depends only on the area upper bound. Note that
and the Hodge star operator * g depends only on the conformal class of g, ∆ g |F | 2 dµ g is well-defined on Σ. Thus we integrate (3.2) and use (2.2) to get
One also note that Simon's diameter estimate [27] holds for 2-varifolds with square integrable generalized mean curvature ((A.16) in [16] ). Thus there is a constant C such that
, where diamF (Σ) := sup
Together with (3.5), we see that
It follows that the image of F lies in B(R 0 ) for some R 0 depending only on the area upper bound.
Let {F n : Σ → R 4 } be a sequence of compact Lagrangian branched conformal selfshrinkers with uniform upper bound Λ. Lemma 3.1 implies that the images of F n lie in a bounded region B R in R 4 . The Riemannian space (B R , G) can be isometrically embedded into a compact Riemannian manifold (N, g), by Lemma 4.2 in [5] . We can assume that {F n } is also a sequence of harmonic mappings from (Σ, h n ) to the compact Riemannian manifold (N, g). Using the same argument in [5] , we extend Theorems 1.2 and 1.3 in [5] to the branched immersions.
We now state the main compactness result.
4 be a sequence of branched conformally immersed Lagrangian self-shrinkers with a uniform area upper bound Λ.
(1) If Σ = T is topologically a torus, then by passing to subsequence if necessary, there is a conformal structure h on T so that F n : (T, h n ) → R 4 converge smoothly to a branched conformally immersed Lagrangian self-shrinker F : (T, h) → R 4 and h n converge to h. (2) If Σ is a closed surface of genus g ≥ 2 and assume additionally that the conformal structures h n converge to a conformal structure h on Σ. Then by passing to subsequence if necessary, F n : (Σ, h n ) → R 4 converges smoothly to a branched conformally immersed Lagrangian self-shrinker F : (Σ, h) → R 4 .
Note that in [5] we first show (2) and then argue that the conformal structures must converge when Σ = T because degeneration of conformal structures in the genus 1 case would create Lagrangian self-shrinking 2-spheres (possibly branched) but this would violate our rigidity result (see [5] for the details).
In particular, (1) in Theorem 3.1 implies (1) in Theorem 1.2. The proof of the remaining parts of Theorem 1.2 will be divided into the following results. We recall that X Λ stands for the space of branched conformally immersed Lagrangian self-shrinking tori of area no larger than Λ. Proposition 3.1. There is a positive number ǫ 0 so that if F ∈ X 32π+ǫ 0 , then F is immersed.
Proof. Arguing by contradiction, we assume that there is a sequence F n : T → R 4 of branched conformal Lagnrangian self-shrinking tori so that
and each F n has a nonempty set of branch points. Using Theorem 3.1, by passing to a subsequence if necessary, the sequence {F n } converges smoothly to a branched conformal Lagrangian self-shrinking torus F ∞ : T → R 4 . Let B n be the set of branch points of F n . Since T is compact, again by passing to a subsequence if necessary, there is a sequence {p n }, where p n ∈ B n for each n ∈ N, so that p n → p ∈ T. As DF n (p n ) = 0 for all n ∈ N and the convergence F n → F ∞ is smooth, DF (p) = 0 and so p is a branch point of F ∞ , where DF, DF n are the differentials of F, F n , respectively. By the theorem of Li and Yau (Theorem 6 in [19] , see also the appendix in [16] for the generalization to branched immersions), since F ∞ is not embedded,
On the other hand, from (3.6) and Theorem 1 in [4] ,
Together with (3.7) and (3.5) we have W(F ∞ ) = 8π. Since F ∞ has a branch point, Proposition 2.3 in [17] implies that F ∞ factors through a branched conformal immersion g : T → S 2 . It follows that there is a branch conformal Lagrangian self-shrinking sphere h :
However, by Theorem 1 in [5] , such a h does not exist. This contradicts the existence of the sequence {F n }. The proposition is now proved. Proposition 3.1 and Theorem 3.1 lead to Theorem 3.2. Let ǫ 0 be as in Proposition 3.1. Then the space of all Lagrangian immersed self-shrinking tori with area less than or equal to 32π + ǫ 0 is compact.
Next we prove part (3) in Theorem 1.2.
is a Lagrangian immersed self-shrinking torus with area less than or equals to 32π + ǫ 0 , then the second fundamental form of F is bounded by C 0 .
Proof. Assume this were not true. Then there is a sequence F n : T → R 4 of Lagrangian immersed self-shrinking tori with area less than 32π + ǫ 0 so that (3.8) max
where A n is the second fundamental form of the immersion F n . Using Theorem 3.2, a subsequence of {F n } converges smoothly to an immersed self-shrinker F ∞ . In particular, we have
Since g ∞ is positive definite as F ∞ is immersed, there is a positive number C so that g n ≥ Cδ ij for all n. So g −1 n are uniformly bounded. Hence max
are uniformly bounded and (3.8) is impossible.
To finish the proof of Theorem 1.2, it remains to prove the second part in (2).
There is a positive constant ǫ 1 ≤ ǫ 0 so that if F ∈ X 32π+ǫ 1 , then F is embedded.
Proof. As in the proof of Corollary 3.1, assume the contrary that there is a sequence {F n } of immersed, non-embedded Lagrangian self-shrinking tori with µ(F n ) ≤ 32π + ǫ 0 and µ(F n ) → 32π. By Theorem 3.2, after passing to a subsequence if necessary, {F n } converges smoothly to an immersed Lagrangian self-shrinking torus F ∞ : T → R 4 with area µ(F ∞ ) = 32π. By (3.5), the Willmore energy of F ∞ is 8π. Since each F n is nonembedded, there are distinct points p n , q n ∈ T so that (3.9)
As T is compact, we may assume p n → p and q n → q. Taking n → ∞ in (3.9), we have
First of all, we must have p = q: Indeed, if p = q, then F ∞ is not embedded and that contradicts Theorem 2.2 in [17] , which states that any immersion F : T → R 4 with W(F ) = 8π has to be embedded. Let d n be the distance function on T induced by the pullback metric F * n ·, · . As p = q and {F n } converges smoothly to F , we have
Then each γ n is parameterized by arc length and γ n (0) = γ n (ℓ n ) = 0 ∈ R 4 . Using the following simple estimates
Since ℓ n → 0, the above inequality implies that there is s n ∈ [0, ℓ n ] so that |γ
n is the Levi-Civita connection on (T, F * n ·, · ) and A n is the second fundamental form of F n (T) in R 4 . Thus |γ ′′ n (t)| ≤ |A n (η n (t))| and this implies max
as n → ∞. However, this is impossible by Corollary 3.1.
A Lojasiewicz-Simon type gradient inequality for branched self-shrinking tori
In the last section we show that with a small area bound, all Lagrangian self-shrinking tori are immersed at least. This makes it much easier to study the space X 32π+ǫ 0 , as all nearby Lagrangian self-shrinking tori can be deformed to each other by using the normal vectors fields. However, it is difficult in general to relate two nearby branched conformal immersions, even if they are C k -close when treated as mappings to the Euclidean space. In particular, it seems difficult to extend the perturbation procedure as in [6, 20] , where the stability condition is described by using the normal vector fields, to branched conformal self-shrinkers, .
In this section, we show that the entropy λ is locally a constant function in the space of branched conformal compact self-shrinking tori F : T → R 4 . To do this we derive a Lojasiewicz-Simon type gradient inequality for branched conformal self-shrinking tori F : T → R 4 . In the genus one case, the explicit expression of the conformal structures in the Teichmüller space makes the computation and the real analyticity of the functional E transparent. Once this is done, together with the compactness of X Λ , we conclude the proof of Theorem 1.1.
4.1.
A Fredholm operator of index zero. Let (Σ, g) be a compact Riemannian surface and (M, h) a Riemannian manifold. Given a C 1 mapping F : Σ → M, the energy of F is given by
where e g,h (F ) is the norm of the differential DF x : T x Σ → T F (x) M. Locally it is given by
) is conformal, then g is a critical point of E with respect to all its smooth variations g s , where g 0 = g. That is,
Proof. Let g s be a family of smooth metrics on Σ so that g 0 = g andġ = d ds g s s=0 . Then
It is wellknown that the upper half space represents the Teichmüller space of the standard torus T = R 2 /{1, i} and we treat U as a local parameterization of the conformal structures on T near a given one.
Let 0 < α < 1 be fixed. Define
Note that C k,α , W k,α are Banach spaces 2 with the norms
, where G is as in (3.1), the functional E : U → R takes the form
Here g τ is the metric on T given by
The metric g τ is in the conformal class represented by τ , as it can be seen easily that g τ is the pullback metric via the linear mapping from T = R 2 /{1, i} to R 2 /{1, τ }. Note that for each fixed τ , E (·, τ ) is the Dirichlet energy functional of the mappings u : Next we consider the L 2 -gradient M : U → C 0,α of E . That is, we find for each
Here we define
Integrating by parts, we see that
be the Fréchet derivative of M at (u, τ ). We will show that
and ∇B τ denotes the Fréchet derivative of B at τ and ∇ ν B τ stands for the Fréchet derivative of B at τ in the direction ν:
To derive (4.8), note that the two terms in the first component of (4.8) arise from direct differentiation of the first component of (4.7) with respect to φ and ν. To derive the second component, note that (∇ 2 E u τ )ν is just the directional derivative of ∇E u τ with respect to ν. Thus we need to show that ∇ φ ∇E u τ = ∇B τ , φ u,τ , where
where the second term on the right comes from differentiating the volume form dµ τ . Since (u, τ ) is a critical point of E , this term vanishes when we differentiate with respect to φ. Using this observation and integration by parts,
Thus (4.8) is shown.
Lemma 4.2. Let (u, τ ) be a critical point of E . For all (φ, ν), (ψ, η) ∈ C 2,α , we have
Proof. Let φ, ψ ∈ C 2,α (T, R 4 ), then from (4.8) and (4.10),
(4.12)
Integrating by parts for the third term on the right hand side in (4.12) gives 
Putting this into (4.13), we have
Note that the right hand side is symmetric in φ and ψ. Thus (4.14)
Using this, we have
· η Again, the right hand side is symmetric in (φ, ν) and (ψ, η). We can now conclude the proof of the lemma.
Remark 2. Note that the apparent self-adjointness expression for L in (4.11) only holds in C 2,α , and L is an operator from C 2,α to C 0,α . Nevertheless, (4.11) is useful in proving the following theorem. Proof. The proof will be divided into several steps.
Step 1. We show that dim ker L is finite. Consider the first component of L,
This equation is bilinear in φ, ν. Let S be the subspace of R 2 so that ν ∈ S if and only if (4.15) has a solution. If S = {(0, 0)}, then dim ker L = dim ker L < ∞ since L is elliptic. If not, let {ν i } be a basis of S. Pick φ i ∈ C 2,α (T, R 4 ) so that φ i satisfies (4.15) with
Step 2. L has finite dimensional cokernel. Moreover, dim ker L = dim cokerL. We will show that the mapping
is bijective, where π is the projection to the quotient cokerL = C 0,α /ImL. Firstly, if (ψ 1 , η 1 ), (ψ 2 , η 2 ) ∈ ker L represent the same element in cokerL, then there is (φ, ν) ∈ C 2,α so that (ψ, η) :
Thus (ψ, η) = 0 and so the mapping ker L → cokerL defined in (4.16) is injective. Secondly, we show that the mapping ker L → coker L is surjective. Let Im L be the L 2 closure of the image of L in L 2 with respect to the inner product defined in (4.6). Let (ψ, η) ∈ C 0,α represents an element in coker L. We decompose (ψ, η) into the component in Im L and Im L ⊥ . That is,
for all (φ, ν) ∈ C 2,α . Letting ν = 0 and using (4.8), we have
Note that the above equation is of the form 
The smoothness of (ψ (4.17) and it follows that the mapping ker L → cokerL defined in (4.16) is surjective and we are done. To show (4.20) 
The convergence above in particular implies that ψ n L 2 ≤ C for some constant C. From the first component of (4.8), which is
the standard elliptic estimates (Theorem 9.11 in [12] ) implies that there are constants
Next, we show that the sequence { (φ P n , ν P n ) L 2 } is bounded. Assume not, then by taking a subsequence if necessary, we have (φ
Since (φ n ,ν n ) L 2 = 1, we may assumeν n →ν for someν ∈ R 2 . From (4.23) and (4.24), the sequence { φ n W 2,2 } is bounded. Hence, again by taking subsequence if necessary, there isφ ∈ W 2,2 (T, R 4 ) so thatφ n →φ in W 1,2 (T, R 4 ). Using (4.25), we have
Sinceφ ∈ W 2,2 (T, R 4 ), the first equation is actually satisfied strongly in W 2,2 (T, R 4 ). Since ∇νB τ is smooth, by the elliptic regularity,φ is smooth. Thus (φ,ν) ∈ C 2,α and L(φ,ν) = 0, in other words, (φ,ν) ∈ ker L. On the other hand, since (φ n ,ν n ) → (φ,ν) in
The contradiction leads to the conclusion that the sequence { (φ
} is also bounded. By taking a subsequence if necessary, there is (φ, ν) ∈ W 2,2 so that (φ
The first component of this is given by
Since φ ∈ W 2,2 (T, R 4 ) and ψ ⊤ ∈ C 0,α (T, R 4 ), the standard elliptic regularity (Theorem 9.19 in [12] ) implies that φ ∈ C 2,α (T, R 4 ). Thus (φ, ν) ∈ C 2,α . This shows (ψ ⊤ , η ⊤ ) ∈ ImL. Therefore, the mapping ker L → cokerL is surjective.
Step 3. From the previous two steps, the bounded operator L has finite dimensional kernel and cokernel so it is a Fredholm operator of
This completes the proof of the theorem.
4.2.
A Lojasiewicz-Simon type inequality. Next we prove a Lojasiewicz-Simon gradient inequality for compact branched self-shrinkers F : T → R 4 . As in [26] , we use the Liapunov-Schmidt reduction argument and the classical Lojasiewicz inequality in [21] . See [10] for a Lojasiewicz-Simon inequality in the abstract setting and the related work in the reference therein.
be the L 2 -projection with respect to the L 2 inner product:
Recall that ker L is a finite dimensional subspace and ker L ⊂ C ∞ . For all k = 0, 1, 2, · · · , we let
be the restriction of Π to C k,α composed with the inclusion ker L ֒→ C 0,α .
α is a bounded linear operator for all nonnegative integers k. In particular, there is a positive constant C α so that
Proof. Let (χ 1 , ν 1 ), · · · , (χ n , ν n ) ∈ ker L be an orthonormal basis of the finite dimensional space ker L with respect to the inner product in (4.26). Then for any (ψ, ν) ∈ L 2 , we have
Then we have
Note that we used the Cauchy-Schwarz inequality and that (χ i , ν i ) L 2 = 1. Since
we have
for all nonnegative k. Now (4.27) follows with
To simplify notations, in the sequel we use x, y and a, b to denote elements in C 2,α and C 0,α respectively. Let x c = (u, τ ) be a critical point of E as before, that is M (x c ) = 0. Consider the mapping N : U → C 0,α given by
Since Π 2 is linear, the differential DN at x c is given by
Lemma 4.4. DN xc is bijective and its inverse is bounded.
Proof. First we show that DN xc is injective. Let DN xc (x) = 0. Then by (4.30) we have
Using (4.11), for all y ∈ ker L we have
This means that Π 2 x ∈ ker L is orthogonal to ker L. Therefore, Π 2 x = 0. Thus Lx = 0 and so x ∈ ker L. Hence x = Π 2 x = 0 and DN xc is injective. By Theorem 4.1, L is a Fredholm operator of index zero. Since Π 2 is bounded with a finite dimensional range, Π 2 is a compact operator and DN xc : C 2,α → C 0,α is Fredholm with index zero (Theorem 5.10 in [24] ). Together with the fact that DN xc is injective, DN xc is also surjective. Finally, the bounded inverse theorem (Theorem 3.8 in [24] ) asserts that DN xc has a bounded inverse.
By the inverse function theorem for Banach spaces (Theorem 15.2 in [9] ), since N is C 1 (N is even analytic: see the appendix), there are open neighbourhoods U 1 of x c in U and V 1 of 0 in C 0,α so that N : U 1 → V 1 is invertible with a C 1 inverse Ψ. By shrinking U 1 , V 1 if necessary, we assume that V 1 is convex, U 1 is contained in a convex set U 2 ⊂ U and (since M and Ψ are C 1 ) there exist two positive constants
where · op denotes the operator norm for the corresponding operator. Using the Fundamental Theorem of Calculus, the above imply
for all x, y ∈ U 1 . A main technical result in this section is the following Lojasiewicz-Simon type gradient inequality:
There is an open neighbourhood W 0 ⊂ U of x c , a positive constant C 2 and a constant θ ∈ (0, 1/2) depending on E and x c so that
For all a ∈ V 0 , Π 0 a ∈ V 1 . Since U 2 is convex, the line segment joining Ψ(a) and Ψ(Π 0 a) is in U 2 . The Fundamental Theorem of Calculus and (4.5) yield
where we write
Using the Cauchy-Schwarz inequality, (4.28), (4.33) and |t| ≤ 1,
On the order hand, since a, Π 0 a ∈ V 1 , by (4.32) we have
Using the definition of N , Ψ and Π 0 Π 2 = Π 2 ,
Since Π 0 is bounded by Lemma 4.3,
where in the last line we use (4.37) again. Combining this with (4.36) and (4.38), we are led to
for all a ∈ V 0 with C 1 = M 1 (C α + 1). Putting this into (4.35), we have
for all a ∈ V 0 and for some
It is easy to show that E , M are analytic (a proof is given in the appendix for completeness). Since Π 2 is linear,
is analytic as well. Hence Ψ is analytic by the analytic version of inverse function theorem (Theorem 15.3 in [9] ). Consequently, as a composition of analytic functions, f is also analytic, and it is defined on an open set in ker L, which is finite dimensional. The classical Lojasiewicz inequality [21] then implies that there is an open neighbourhood V 2 ⊂ V 0 , constants c > 0 and θ ∈ (0, 1/2) so that
Using (4.41) and (4.5), for all b ∈ V 1 ∩ K we have
Using (4.28), (4.33) and (4.39),
for some C 4 > 0. Now let W 0 = Ψ(V 2 ). Thus for every x ∈ W 0 , there exists an a ∈ V 2 such that x = Ψ(a). By (4.43), the classical Lojasiewicz inequality (4.42) and (4.40),
Since 2(1 − θ) ≥ 1, (4.34) is established for some C 2 > 0 and for all x ∈ W 0 .
4.3.
Proof of Theorem 1.1. The following lemma is first proved in [6] (Lemma 7.10 therein) when Σ is an n-dimensional self-shrinking embedded hypersurface in R n+1 with polynomial growth. Since a branched conformal immersion is immersed away from finitely many points, the exact same proof holds for compact branched conformally immersed self-shrinkers in R m , m ≥ 3. For the reader's convenience, we sketch the proof of Lemma 4.5 in the appendix. Note that the F -functional (2.4) and the entropy (2.9) are also defined for branched immersions of compact surfaces. Proof. Assume the theorem is false. Then there is a sequence {F n } ∈ X Λ with λ(F i ) = λ(F j ) for all i = j. Let g n = F * n ·, · and let g τn be the Riemannian metric on T which is of the form (4.4) and is conformal to g n . By Theorem 3.1, there is F ∈ X C and τ ∈ H so that F n converges smoothly to F and τ n → τ . Thus
From Proposition 4.2 and (4.46) and by setting x c = (F, τ ) in (4.34), we have λ(F i ) = λ(F ) for all i large enough, since M (F n , τ n ) = 0 for all n. That leads to a contradiction. Thus the theorem is proved.
Piecewise Lagrangian mean curvature flows
In this section, we extend the definition of the piecewise MCF in [6] 
), (4) there is δ > 0 such that
Remark 3. Note that if k = 1, the piecewise MCF is just the usual smooth MCF. The above definition is interesting only if we can characterize the behaviour of the flow when t → t k .
Let {F t : L → R 4 } be a smooth MCF defined on [t 0 , T 0 ), where T 0 < ∞ and L is a closed surface. Assume that a so-called type I singularity develops at T 0 , which means sup Ft(L) A t → ∞ as t → T 0 and there is a positive constant C so that
where max Fn(L) |A tn | is attained, and suppose q n → q ∈ R 4 . Consider the type I rescaling, which is the family of immersions F (·, s), where − log T 0 ≤ s < ∞ and
For any sequence s j → ∞, a subsequence of { F (·, s j )} converges locally smoothly to a self-shrinking immersion F : Σ → R 4 ([14] ). In this case, we say that the type I singularity can be modelled by F . It is not known whether F is unique: If we choose another sequencẽ s k , { F (·,s k )} might converge to a different self-shrinker. Now we prove Theorem 1.3.
Proof. Let F : T → R 4 be a Lagrangian immersion. By [28] , there is a unique smooth Lagrangian MCF {F t } which is defined on a maximal time interval [0, T 0 ), where T 0 < ∞ as T is compact.
If the singularity at T 0 is not a type I singularity that can be modelled by a compact self-shrinker with area no larger than Λ, then we set k = 0 and no perturbation is performed.
Otherwise, the singularity at T 0 is of type I and it can be modelled by a compact self-shrinker with area no larger than Λ. In this case, the inequality (5.2) is satisfied at a point q ∈ R 4 at time T 0 for some positive constant C and for all t ∈ [0, T 0 ), and there is a sequence s j → ∞ such that F (·, s j ) as in (5.3) converges locally smoothly to a compact self-shrinker F with area no bigger than Λ. To be precise about the convergence, we recall that Lemma 3.3, Corollary 3.2 and Proposition 2.3 in [14] hold for any codimension, and they guarantee that all F (·, s j ) touch a fixed bounded region, the areas inside a ball B(R) are bounded by C(R) and the second fundamental forms and their derivatives of any order are bounded. Therefore, all the conditions in Theorem 1.3 in [3] are satisfied for the sequence { F (·, s j )}, and the theorem asserts: by passing to a subsequence if necessary, there is a surface Σ and an immersion F : Σ → R 4 and a sequence of diffeomorphisms
where B j is the ball of radius j in R 4 centered at the origin, U j ⊂ Σ are open sets with U j ⊂⊂ U j+1 and Σ = j U j , such that
and F (·, s j ) • ϕ converges to F locally smoothly. In our situation, we have assumed that Σ is compact (as we are dealing with singularity that can be modelled by compact shrinkers). Hence Σ = U k for all k large and thus ϕ k are diffeomorphisms from Σ to T, since the torus is connected. To simplify notations, we write Σ = T. The diffeomorphisms ϕ j : T → T have the property that
for all k = 0, 1, 2, · · · . Since each {F t } is Lagrangian, the sequence of blowups F (·, s j ) are also Lagrangian for all j. The above convergence implies that F is Lagrangian, hence, F ∈ X Λ . Since the entropy λ (2.9) is translation and scaling invariant,
Furthermore, by the definition of F x 0 ,t 0 in (2.4), we see
Since F 0,1 (see (2.4) ) is continuous with respect to the C 1 -topology, there is a sequence d j of positive numbers so that d j → 0 as j → ∞ and
By definition of λ and Lemma 4.5, since F is a self-shrinker, from the above we have
As λ is non-increasing along the MCF, λ( F (·, s j )) is non-increasing in j by (5.5). Together with (5.6) and (5.7), we conclude
Fix δ > 0. Let
Using (5.4), for all k ≥ 1, there is j 0 so that
By Theorem 2.1, F is Lagrangian F -unstable. Then by Theorem 2.2, there is a Lagrangian immersion F : T → R 4 which satisfies
Now we define the first part of the piecewise Lagrangian MCF: (i) The first piece of Lagrangian MCF is just F 0 t := F t , where t ∈ [0, t 1 ] and t 1 < T 0 is such that s(t 1 ) = s j 0 .
(ii) Define the first perturbation F 1 t 1 at time t 1 as (5.13)
where the dilation factor
The constant κ is chosen so that
We check now that (2)- (4) . To prove (3), since the entropy (2.9) is scaling and translation invariant, using λ(F ) > λ( F ) we obtain
Thus (3) is also shown. Lastly, we show that (5.1) is satisfied with i = 0. From (5.3) and (5.13), we have
Note that (5.9) and (5.11) imply (5.15) |κ − 1| ≤ B.
Together with (5.10), (5.8), the definition of δ 2 , we have
where we used the simple estimate
Thus we have . Again, if the condition in Theorem 1.3 is satisfied at the singular time T 1 (that is, the singularity at T 1 is not of type I which can be modelled by a compact self-shrinker of area ≤ Λ), then we set k = 1, t 2 = T 1 and we are done. If not, we carry out exactly the same procedure as above. Thus we have a Lagrangian self-shrinking torus F 1 ∈ X Λ , some time t 2 < T 1 and another Lagrangian immersion
. Then, again, we apply the smooth Lagrangian MCF to F 2 t 2 . Note that the above procedure must stop: Indeed, by Theorem 1.1, the image of λ : X Λ → R is finite. Moreover, from the above construction, each perturbation is chosen so that the entropy value is strictly less then one of the element in λ(X Λ ). Since λ is non-increasing along the usual MCF, the above procedure must terminate after k steps for some k ≤ |λ(X Λ )|. This implies that at t k , the piecewise Lagrangian MCF do not encounter a type I singularity which can be modelled by a compact self-shrinker with area less than or equals to Λ.
To 
. Thus we can apply Theorem 1.3 in [3] to conclude that X imm g,c 1 ,c 2 is compact in the C 2 -topology, in particular, all sequential limits are unbranched. Unbranchedness of any limiting surface guarantees existence of nearby Lagrangian immersions by the Lagrangian neighbourhood theorem. By Theorem 2.1 and Theorem 2.2 again, the Lagrangian self-shrinkers in X imm g,c 1 ,c 2 are Lagrangian entropy unstable. It follows that all F ∈ X imm g,c 1 ,c 2 are Lagrangian entropy unstable. With these facts, the proof of the following proposition is identical to that of Corollary 8.4 in [6] and is omitted here.
Proposition 5.1. Let δ > 0. Then there is a positive constant c depending only on δ such that for any Lagrangian self-shrinker F ∈ X imm g,c 1 ,c 2 , there is a Lagrangian immersion F : Σ g → R 4 so that F − F C 0 < δ µ(F ) and λ( F ) < λ(F ) − c.
Remark 4. For genus > 1, without assuming uniform boundedness of the second fundamental forms, the compactness result in Theorem 3.1 is not enough to conclude Proposition 5.1 due to the assumption on the conformal structures there.
Using Proposition 5.1, we can define a piecewise Lagrangian MCF for a Lagrangian immersion F : Σ g → R 4 , as we did in the genus 1 case. After each perturbation, the entropy decreases by a fixed amount c > 0 (Note that this c might depend on δ). Since the entropy is always is positive number, we conclude that the process must terminate in finite time and we have the following Here (x s , t s ) ∈ R 4 × R >0 , ∇, div and ∆ are taken with respect to the pullback metric F * ·, · and u, v are functions on R 4 . Note that L s is defined away from the set of branch points B. As in [6] Proof. Let B = {x 1 , · · · , x n }. Let ǫ > 0 be small and B i (ǫ) be an ǫ-ball in Σ with center x i , so that B i (ǫ) ∩ B j (ǫ) = ∅ if i = j. Then where n i is the unit outward normal along ∂B i (ǫ).
In particular, we have Using (6.5), exactly the same argument in [6] , pp. 786-788, shows that for all y ∈ R 4 and a ∈ R if we set (x s , t s ) = (sy, 1 + as 2 ) and g(s) = F xs,ts (F ) then g ′ (s) ≤ 0 for all s > 0 with 1 + as 2 > 0. Thus F y,t (F ) ≤ F 0,1 (F ) for all (y, t) ∈ R 4 × R >0 and thus Lemma 4.5 is proved.
6.2. Analyticity of E and M . Next we show that both E and M defined in (4.3) and (4.5) are analytic. For the definition of continuous symmetric n-linear form and analytic function between Banach spaces, please refer to Chapter 4 in [9] . First we have Lemma 6.2. Let X, Y Z be Banach spaces, U , V are open in X, Y respectively, and f : U → R, g : V → Z are analytic at x 0 ∈ U , y 0 ∈ V respectively. Then the function h : U × V → Z, h(x, y) = f (x)g(y)
is analytic at (x 0 , y 0 ).
Proof. Since f, g are analytic at x 0 , y 0 respectively, then (6.6) f
for all h X < ǫ 1 and k Y < ǫ 2 , and A i , B j are continuous multi-linear forms such that (6.7)
The absolute convergence of (6.6) implies that 
< +∞ by (6.7). Hence h is also analytic at (x 0 , y 0 ). Proof. It suffices to show that both components in (4.7) are analytic. The second component (u, τ ) → ∇E u τ is analytic since E is analytic by Proposition 6.1, here we recall that ∇E u τ is the gradient of E (u, τ ) at τ . Note that the first component can be written as (6.12) (u, τ ) → −g ij τ
Since τ → g ij τ is analytic, the mapping in (6.12) is also analytic by Lemma 6.2.
